Gravity in Complex Hermitian Space-Time by Chamseddine, Ali H.
ar
X
iv
:h
ep
-th
/0
61
00
99
v1
  9
 O
ct
 2
00
6
Gravity in Complex Hermitian Space-Time
Ali H. Chamseddine ∗†
Physics Department, American University of Beirut, Lebanon.
Abstract
A generalized theory unifying gravity with electromagnetism was proposed
by Einstein in 1945. He considered a Hermitian metric on a real space-time.
In this work we review Einstein’s idea and generalize it further to consider
gravity in a complex Hermitian space-time.
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In the year 1945, Albert Einstein [1], [2] attempted to establish a unified
field theory by generalizing the relativistic theory of gravitation. At that time
it was thought that the only fundamental forces in nature were gravitation
and electromagnetism. Einstein proposed to use a Hermitian metric whose
real part is symmetric and describes the gravitational field while the imagi-
nary part is antisymmetric and corresponds to the Maxwell field strengths.
The Hermitian symmetry of the metric gµν is given by
gµν (x) = gνµ (x),
where
gµν (x) = Gµν (x) + iBµν (x) ,
so that Gµν (x) = Gνµ (x) and Bµν (x) = −Bνµ (x) . However, the space-time
manifold remains real. The connection Γρµν on the manifold is not symmetric,
and is also not unique. A natural choice, adopted by Einstein, is to impose
the hermiticity condition on the connection so that Γρνµ = Γ
ρ
µν , which implies
that its antisymmetric part is imaginary. The connection Γ is determined as
a function of gµν by defining the covariant derivative of the metric to be zero
0 = gµν,ρ − gµσΓσρν − Γσµρgσν .
This gives a set of 64 equations that matches the number of independent
components of Γσµν which can then be solved uniquely, provided that the
metric gµν is not singular. It cannot, however, be expressed in closed form,
but only perturbatively in powers of the antisymmetric field Bµν . There are
also two possible contractions of the curvature tensor, and therefore, unlike
the real case, the action is not unique. Both fields Gµν and Bµν appear
explicitly in the action, but the only symmetry present is that of diffeomor-
phism invariance. Einstein did notice that this unification does not satisfy
the criteria that the field gµν should appear as a covariant entity with an
underlying symmetry principle. It turned out that although the field Bµν
satisfies one equation which is of the Maxwell type, the other equation con-
tains second order derivatives and does not imply that its antisymmetrized
field strength ∂µBνρ + ∂νBρµ + ∂ρBµν vanishes. In other words, the theory
with Hermitian metric on a real space-time manifold gives the interactions of
the gravitational field Gµν and a massless field Bµν .Much later, it was shown
that the interactions of the field Bµν are inconsistent at the non-linear level,
because one of the degrees of freedom becomes ghost like [3]. There is an
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exception to this in the special case when a cosmological constant is added,
in which case the theory is rendered consistent as a mass term for the Bµν
field is acquired [4],[5].
More recently, it was realized that this generalized gravity theory could
be formulated elegantly and unambiguously as a gauge theory of the U (1, 3)
group [6]. A formulation of gravity based on the gauge principle is desirable
because such an approach might give a handle on the unification of gravity
with the other interactions, all of which are based on gauge theories. This
can be achieved by taking the gauge field ω bµa to be anti-Hermitian:
ω bµa = −ηacω cµd ηdb ,
where
ηab = diag (−1, 1, 1, 1) ,
is the Minkowski metric. A complex vielbein eaµ is then introduced which
transforms in the fundamental representation of the group U(1, 3). The com-
plex conjugate of eaµ is defined by eµa = e
a
µ. The curvature associated with
the gauge field ω bµa is given by
R bµνa = ∂µω
b
νa − ∂νω bµa + ω cµa ω bνc − ω cνa ω bµc .
The gauge invariant Hermitian action is uniquely given by
I =
∫
d4x |e| eµaR bµνa eνb ,
where
|e|2 = (det eaµ) (det eνa)
and the inverse vierbein is defined by
eµae
a
ν = δ
µ
ν , e
µa = eµa .
This action coincides, in the linearized approximation, with the action pro-
posed by Einstein, but is not identical. The reason is that in going from
first order formalism where the field ω bµa is taken as an independent field
determined by its equations of motion, one gets a non-linear equation which
can only be solved perturbatively. A similar situation is met in the Einstein
theory where the solution of the metricity condition determines the connec-
tion Γρµν as function of the Hermitian metric gµν in a perturbative expansion.
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The gauge field ω aµa associated with the U(1) subgroup of U(1, 3) couples
only linearly, so that its equation of motion simplifies to
1√
G
∂ν
(√
G (eνae
µa − eµaeνa)
)
= 0,
where G = detGµν . In the linearized approximation, this equation takes the
form ∂νB
µν = 0 which was the original motivation for Einstein to identify
Bµνwith the Maxwell field [1],[2]. In the gauge formulation the metric arises
as a product of the vierbeins gµν = e
a
µeνa which satisfies the hermiticity
condition gµν = gνµ as can be easily verified. Decomposing the vierbein into
its real and imaginary parts
eaµ = e
a0
µ + ie
a1
µ ,
and similarly for the anti-Hermitian infinitesimal gauge parameters
Λ ba = Λ
b0
a + iΛ
b1
a ,
where Λ 0ab = −Λ 0ba and Λ 1ab = Λ 1ba . From the gauge transformations
δeaµ = Λ
a
b e
b
µ,
we see that there exists a gauge where the antisymmetric part of ea0µ and the
symmetric part of ea1µ can be set to zero. This shows that the gauge theory
with complex vierbeins is equivalent to the theory with a symmetric metric
Gµν and antisymmetric field Bµν .
It turns out that the field Bµν does not have the correct properties to rep-
resent the electromagnetic field. Moreover, as noted by Einstein, the fields
Gµν and Bµν are not unified with respect to a higher symmetry because they
appear as independent tensors with respect to general coordinate transfor-
mations. In the massless spectrum of string theory the three fields Gµν , Bµν
and the dilaton φ are always present. The effective action of closed string
theory contains, besides the Einstein term for the metric Gµν , a kinetic term
for the field Bµν such that the later appears only through its field strength
Hµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν .
This implies that there is a hidden symmetry
δBµν = ∂µΛν − ∂νΛµ
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preventing the explicit appearance of the field Bµν . As both Gµν and Bµν
fields are unified in the Hermitian field gµν , it will be necessary to combine
the diffeomorphism parameter ζµ (x) and the abelian parameters Λµ (x) into
one complex parameter. This leads us to consider the idea that the manifold
of space-time is complex, but in such a way that at low energies the imaginary
parts of the coordinates should be very small compared with the real ones,
and become relevant only at energies near the Planck scale. Indeed this
idea was first put forward by Witten [7] in his study of topological orbifolds.
He was motivated by the observation that string scattering amplitudes at
Planckian energies depend on the imaginary parts of the string coordinates
[8].
We shall not require the sigma model to be topological. Instead we shall
start with the sigma model [9], [10]
I =
∫
dσ+dσ−gµν
(
Z(σ, σ), Z (σ, σ)
)
∂+Z
µ∂−Z
ν ,
where we have denoted the complex coordinates by Zµ, µ = 1, · · · , d , and
their complex conjugates by Zµ ≡ Zµ, and where the world-sheet coordinates
are denoted by σ± = σ0 ± σ1. We also require that the background metric
for the complex d-dimensional manifold M to be Hermitian so that
gµν = gνµ, gµν = gµν = 0.
Decomposing the metric into real and imaginary components
gµν = Gµν + iBµν ,
the hermiticity condition implies that Gµν is symmetric and Bµν is antisym-
metric. This sigma model can be made topological by including additional
fields, but this will not be considered here. It can be embedded into a 2d
dimensional real sigma model with coordinates of the target manifold de-
noted by Z i = {Zµ, Zµ}, µ = 1, · · · , d, with a background metric gij (Z)
and antisymmetric tensor bij (Z), with the action
I =
∫
dσ+dσ− (gij (Z) + bij (Z)) ∂+Z
i∂−Z
j.
The connection is taken to be
Γkij = Γ˚
k
ij +
1
2
gklTijl,
Γ˚kij =
1
2
gkl (∂iglj + ∂jgil − ∂lgij) ,
Tijk = (∂ibjk + ∂jbki + ∂kbij) ,
so that the torsion on the target manifold is totally antisymmetric. The
embedding is defined by taking
gµν = 0 = gµν ,
bµν = 0 = bµν ,
bνµ = gµν = −bµν = gνµ
so that, as can be easily verified, the only non-zero components of the con-
nections are
Γρµλ = g
νρ∂λgµν
and their complex conjugates.
Having made the identification of how the complex d-dimensional target
manifold is embedded into the sigma model with a 2d real target manifold,
we can proceed to summarize the geometrical properties of Hermitian non-
Ka¨hler manifolds.
The Hermitian manifold M of complex dimensions d is defined as a
Riemannian manifold with real dimensions 2d with Riemannian metric gij
and complex coordinates zi = {zµ, zµ} where Latin indices i, j, k, · · · , run
over the range 1, 2, · · · , d, 1, 2, · · · , d. The invariant line element is then [11]
ds2 = gijdz
idzj ,
where the metric gij is hybrid
gij =
(
0 gµν
gνµ 0
)
.
It has also an integrable complex structure J ji satisfying
Jki J
j
k = −δji ,
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and with a vanishing Nijenhuis tensor
N hji = J
t
j
(
∂tJ
h
i − ∂iJht
)− J ti (∂tJhj − ∂jJht ) .
Locally, the complex structure has components
J ji =
(
iδνµ 0
0 −iδνµ
)
.
The affine connection with torsion Γhij is introduced so that the following two
conditions are satisfied
∇kgij = ∂kgij − Γhikghj − Γhjkgih = 0,
∇kF ji = ∂kF ji − ΓhikF jh + ΓjhkF hi = 0.
These conditions do not determine the affine connection uniquely and there
exists several possibilities used in the literature. We shall adopt the Chern
connection, which is the one most commonly used, . It is defined by pre-
scribing that the (2d)2 linear differential forms
ωij = Γ
i
jkdz
k,
be such that ωµν and ω
µ
ν are given by [12]
ωµν = Γ
µ
νρdz
ρ,
ωµν = ω
µ
ν = Γ
µ
ν ρdz
ρ,
with the remaining (2d)2 forms set equal to zero. For ωµν to have a metrical
connection the differential of the metric tensor g must be given by
dgµν = ω
ρ
µgρν + ω
ρ
νgµρ,
from which we obtain
∂λgµνdz
λ + ∂λgµνdz
λ = Γρµλgρνdz
λ + Γρ
νλ
gµρdz
λ,
so that
Γρµλ = g
νρ∂λgµν ,
Γρ
νλ
= gρµ∂λgµν ,
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where the inverse metric gνµ is defined by
gνµgµκ = δ
ν
κ.
Notice that the Chern connection agrees with the connection obtained above
by embedding of the non-linear sigma model with Hermitian target manifold
into a real one with double the number of dimensions. The condition ∇kJ ji =
0 is automatically satisfied and the connection is metric. The torsion forms
are defined by
Θµ ≡ −1
2
T µνρ dz
ν ∧ dzρ
= ωµνdz
ν = −Γµνρdzν ∧ dzρ,
which implies that
T µνρ = Γ
µ
νρ − Γµρν
= gσµ (∂ρgνσ − ∂νgρσ) .
The torsion form is related to the differential of the Hermitian form
J =
1
2
Jijdz
i ∧ dzj ,
where
Jij = J
k
i gkj = −Jji,
is antisymmetric and satisfy
Jµν = 0 = Jµν ,
Jµν = igµν = −Jνµ,
so that
J = igµνdz
µ ∧ dzν .
The differential of the two-form J is then
dJ =
1
6
Jijkdz
i ∧ dzj ∧ dzk,
so that
Jijk = ∂iJjk + ∂jJki + ∂kJij.
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The only non-vanishing components of this tensor are
Jµνρ = i (∂µgνρ − ∂νgµρ) = −iT σµν gσρ = −iTµνρ,
Jµνρ = −i (∂µgρν − ∂νgρµ) = iT σµ ν gρσ = iTµνρ.
The curvature tensor of the metric connection is constructed in the usual
manner
Ωij = dω
i
j − ωik ∧ ωkj ,
with the only non-vanishing components being Ωνµ and Ω
ν
µ. These are given
by
Ωνµ = −Rνµκλdzκ ∧ dzλ − Rνµκλdzκ ∧ dzλ,
where one can show that
Rνµκλ = 0,
Rν
µκλ
= gρν∂κ∂λgµρ + ∂λg
ρν∂κgµρ.
Transvecting the last relation with gνσ we obtain
−Rµσκλ = ∂κ∂λgµσ + gνσ∂λgρν∂κgµρ.
Therefore the only non-vanishing covariant components of the curvature ten-
sor are
Rµνκλ, Rµν κλ, Rµνκλ, Rµνκλ,
which are related by
Rµνκλ = −Rνµκλ = −Rµνλκ,
and satisfy the first Bianchi identity [12]
Rν
µκλ
− Rν
κµλ
= ∇λT νµκ .
The second Bianchi identity is given by
∇ρRµνκλ −∇κRµνρλ = RµνσλT σρκ ,
together with the conjugate relations. There are three possible contractions
for the curvature tensor which are called the Ricci tensors
Rµν = −gλκRµλκν , Sµν = −gλκRµνκλ, Tµν = −gλκRκλµν .
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Upon further contraction these result in two possible curvature scalars
R = gνµRµν , S = g
νµSµν = g
νµTµν .
Note that when the torsion tensors vanishes, the manifold M becomes
Ka¨hler. We shall not impose the Ka¨hler condition as we are interested in
Hermitian non-Ka¨hlerian geometry. We note that it is also possible to con-
sider the Levi-Civita connection Γ˚kij and the associated Riemann curvature
K hkij where
Γ˚kij =
1
2
gkl (∂iglj + ∂jgil − ∂lgij) ,
K hkij = ∂kΓ˚
h
ij − ∂iΓ˚hkj + Γ˚hktΓ˚tij − Γ˚hitΓ˚tkj.
The relation between the Chern connection and the Levi-Civita connection
is given by
Γkij = Γ˚
k
ij +
1
2
(
T kij − T kij − T kji
)
.
It can be immediately verified that the Levi-Civita connection of the Her-
mitian manifold is identical to the one obtained from the non-linear sigma
model, but only after the identification of bµν with −gµν . The Ricci tensor
and curvature scalar are Kij = K
t
tij and K = g
ijKij . Moreover, it is also
possible to define Hkj = K
t
kji J
i
t and H = g
kjHkj. The two scalar curvatures
K and H are not independent but related by [13]
K −H = ∇˚hJ ij∇˚jJih − ∇˚kJki∇˚hJhi − 2J ji∇˚j∇˚kJki.
There are also relations between curvatures of the Chern connection and
those of the Levi-Civita connection, mainly [13]
1
2
K = S −∇µTµ −∇µTµ − TµTνgνµ,
where Tµ = T
ν
µν . There are two natural conditions that can be imposed on
the torsion. The first is Tµ = 0 which results in a semi-Ka¨hler manifold. The
other is when the torsion is complex analytic so that ∇λT νµκ = 0 implying
that the curvature tensor has the same symmetry properties as in the Ka¨hler
case. In this work we shall not impose any conditions on the torsion tensor.
We note that the line element
ds2 = 2gµνdz
µdzν ,
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preserves its form under infinitesimal holomorphic transformations
zµ → zµ − ζµ (z) ,
zµ → zµ − ζµ (z) ,
as can be seen from the transformations
δgµν = ∂µζ
λgλν + ∂νζ
λgµλ + ζ
λ∂λgµν + ζ
λ∂λgµν .
It is instructive to express these transformations in terms of the fieldsGµν(x, y)
and Bµν(x, y) by writing
ζµ(z) = αµ(x, y) + iβµ(x, y),
ζµ(z) = αµ(x, y)− iβµ(x, y).
The holomorphicity conditions on ζµ and ζµ imply the relations
∂yµβ
ν = ∂xµα
ν ,
∂yµα
ν = −∂xµβν ,
where we have denoted
∂yµ =
∂
∂yµ
, ∂xµ =
∂
∂xµ
.
The transformations of Gµν(x, y) and Bµν(x, y) are then given by
δGµν(x, y) = ∂
x
µα
λGλν + ∂
x
να
λGµλ + α
λ∂xλGµν
− ∂xµβλBλν + ∂xνβλBµλ + βλ∂yλGµν ,
δBµν(x, y) = ∂
x
µβ
λGλν − ∂xνβλGµλ + αλ∂xλBµν
+ ∂xµα
λBλν + ∂
x
να
λBµλ + β
λ∂yλBµν .
One readily recognizes that in the vicinity of small yµ the fields Gµν(x, 0)
and Bµν(x, 0) transform as symmetric and antisymmetric tensors with gauge
parameters αµ(x) and βµ(x) where
αµ(x, y) = αµ(x)− ∂xνβµ(x)yν +O(y2),
βµ(x, y) = βµ(x) + ∂xνα
µ(x)yν +O(y2),
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as implied by the holomorphicity conditions. Therefore, it should be possible
to find an action where diffeomorphism invariance in the complex dimensions
imply diffeomorphism invariance in the real submanifold and abelian invari-
ance for the field Bµν (x) to insure that the later only appears through its
field strength.
For simplicity, we shall now specialize to four complex dimensions. We
start with the most general action limited to derivatives of order two
I =
∫
M4
d4zd4zg
(
aR + bS + c TµνκTρ σλg
ρµgσνgκλ + d TµνκTρ σλg
ρµgσλgκν
)
.
One can show that by requiring the linearized action, in the limit y → 0, to
give the correct kinetic terms for Gµν(x) and Bµν(x) relates the coefficients
a, b, c, d to each other [14]
b = −a, d = −1 − a, c = 1
2
.
In this case the action simplifies to the very elegant form
I = −1
2
∫
M
d4zd4zǫκλσ ηǫµνρτgτη∂µgνσ∂κgρλ.
which can be expressed in terms of the two-form J ,
I =
i
2
∫
M
J ∧ ∂J ∧ ∂J.
We stress that this action is only invariant under holomorphic transforma-
tions. The equations of motion are given by
ǫκλσ ηǫµνρτ
(
gνσ∂µ∂κgρλ +
1
2
∂µgνσ∂κgρλ
)
= 0,
which are trivially satisfied when the metric gµν is Ka¨hler
∂µgνρ = ∂νgµρ, ∂σgνρ = ∂ρgνσ.
We proceed to evaluate the four-dimensional limit of the action when the
imaginary parts of the coordinates are small at low-energy. The action is a
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function of the fields Gµν (x, y) and Bµν (x, y) which depend continuously on
the coordinates yµ, implying a continuos spectrum with an infinite number
of fields depending on xµ only. To obtain a discrete spectrum a certain
physical assumption should be made that forces the imaginary coordinates
to be small. One idea, suggested by Witten [7], is to suppress the imaginary
parts by constructing an orbifold space M ′ = M/G where G is the group of
imaginary shifts
zµ → zµ + i(2πkµ),
where kµ are real. To maintain invariance under general coordinate transfor-
mations we must require kµ (x, y) to be coordinate dependent. It is not easy,
however, to deal with such an orbifold in field theoretic considerations.
Instead, we shall proceed by examining the dynamical properties of the
action which depends on terms not higher than second derivatives of the
fields. It is then enough to expand the fields to second order in yµ and take
the limit y → 0. We therefore write
Gµν (x, y) = Gµν(x) +Gµνρ(x)y
ρ +
1
2
Gµνρσ (x) y
ρyσ +O(y3),
Bµν (x, y) = Bµν(x) +Bµνρ(x)y
ρ +
1
2
Bµνρσ (x) y
ρyσ +O(y3).
In the absence of a symmetry principle that determines the fields Gµνρ(x),
Bµνρ(x), Gµνρσ(x) and Bµνρσ(x) and all higher terms as functions of Gµν(x),
Bµν(x) we impose boundary conditions, in the limit y → 0, on the first and
second derivatives of the Hermitian metric. In order to have this action
identified with the string effective action, the equations of motion in the
y → 0 limit should reproduce the low-energy limit of the string equations
0 = Gητ
(
R (G) +
1
6
HµνρH
µνρ
)
− 2
(
Rητ (G) +
1
4
HηνρH
τνρ
)
,
0 = ∇µ(G)Hµητ .
These equations could be derived from the equations of motion of the Hermi-
tian theory, provided we impose the following boundary conditions on torsion
and curvature of the Hermitian manifold:
Tµνρ|y→0 = 2iBµν,ρ (x) ,[
Rµσκλ −Rκσµλ
]
y→0
= −2 (Rµκσλ (G) + i (∇GλHµκσ −∇GσHµκλ)) .
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The solution of the torsion constraint gives, to lowest orders,
Gµνρ (x) = ∂νBµρ (x) + ∂µBνρ (x) ,
Bµνρ (x) = −Gµρ,ν (x) +Gνρ,µ (x) ,
where all derivatives are now with respect to xµ. Substituting these into the
curvature constraints yield
Gµσκλ (x) = ∂σ∂λGµκ (x) + ∂µ∂λGσκ (x) + ∂σ∂κGµλ (x)
+ ∂µ∂κGσλ (x)− ∂κ∂λGµσ (x) +O (∂G, ∂B) ,
Bµσκλ (x) = ∂σ∂λBµκ (x)− ∂µ∂λBσκ (x) + ∂σ∂κBµλ (x)
− ∂µ∂κBσλ (x)− ∂κ∂λBµσ (x) +O (∂G, ∂B) ,
where O (∂G, ∂B) are terms of second order [14].
This is encouraging, but more work is needed to establish the exact con-
nection between string theory effective actions and gravity on Hermitian
manifolds and not only to second order. For this to happen, one must deter-
mine, unambiguously, the symmetry principle that restricts the continuous
spectrum as function of the imaginary coordinates to a discrete one.
To summarize, the idea that complex dimensions play a role in physics
is quite old [15]. So far it has provided a technical advantage in obtaining
extensions and new solutions to the Einstein equations, or in providing ele-
gant formulations of some field theories such as Yang-Mills theory in terms
of twister spaces. At present, there is only circumstantial evidence, com-
ing from the study of high-energy behavior of string scattering amplitudes,
where it was observed that the imaginary parts of the string coordinates of
the target manifold appear. The work presented here is an attempt to show
that it might be possible to formulate geometrically the effective string the-
ory for target manifolds with complex dimensions. In this picture the metric
tensor and antisymmetric tensor of the effective theory are unified in one
field, the metric tensor of the Hermitian manifold, an idea first put forward
by Einstein.
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